Abstract. Euler discovered a formula for expressing the value of the Riemann zeta function for all even positive integer arguments. A closed-form expression for the Riemann zeta function for all odd integer arguments, based on the values of the Dirichlet beta function, euler numbers and π, reveals a new evidence about the self-recursive nature of Riemann zeta function at odd integers. We demonstrate for the first time that the Riemann zeta function at odd integers always produces a recurrence relation that is self-recursive.
Introduction
Nearly all number theorists have sought for a closed-form expression for ζ(2n+1); n being a positive integer number. Our investigation into this open problem has uncovered a self-recursive function intrinsic in ζ(2n + 1). We develop and present a new method for deriving a closed-form expression for ζ(2n + 1) which is based on the values of the Dirichlet beta function at 2n + 1 and Euler numbers at 2n. This new method may be regarded as a general formula for finding a closed-form self-recursive expression for ζ(2n + 1).
Here we demonstrate how to obtain a closed-form expression for ζ(2n + 1) with examples on ζ(3), ζ(5), ζ(7), ζ(9), and ζ(11). Each result produced is an exact representation, but the resultant expression is self-recursive.
1.1. Riemann zeta and Dirichlet beta functions. The Dirichlet beta function [1] is defined as
Re(s) > 0. Therefore,
The following equations are then obtained according to [2] (1.5) ζ(s) = 2
where the polygamma function ψ (s−1) (x) is defined as
2. Closed-form expressions for ζ(3) , ζ(5), ζ(7), ζ(9), ζ(11) Equation 1.6 may be used to find the closed-form expressions for ζ(3), ζ(5), ζ(7), ζ(9), and ζ(11).
2.1.
A closed-form expression for the Riemann zeta of 3. From 1.6 we derive (3)) 2.2. A closed-form expression for the Riemann zeta of 5. Similarly: (5)) 2.3. A closed-form expression for the Riemann zeta of 7.
2.4. A closed-form expression for the Riemann zeta of 9.
ζ(9) = 2 The results obtained in the previous sections indicate the following general formula for obtaining representing ζ(2s + 1):
; s is an integer. The modulus | E 2s | is the absolute value of an even-indexed Euler number E 2s . The implication of 3.1 is
as expected. Hence, (3.3)
4. Series representations of ζ(2s + 1) and β(2s + 1) Combining 1.3 and 3.7 we deduce (4.1)
We find (4.4)
due to the following identities:
Summary of results
We confirm the following identities to be valid: according to [2] and [3] .
Conclusion
The following identities are derived: (6.1) ζ(2s + 1) = 2
